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Problem and objectives



Problem---Population Size
 How many individuals of a plant species in an observed 

area?

Basic parameter
Conservation
Biological resource management
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Quadrat Method---Population Size
 Quadrat method
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Quadrat Method---Population Size
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Problem
 Can we find a efficient and robust way to estimate the 

population density?
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Distance Method---Population Size

Distance-based population density estimator (DPDE)

0 20 40 60 80 100

0
10

20
30

40
50

x

y

1

1

2

2

3

3

Point-to-event 
distances

Event-to-event 
distances

�𝑁𝑁 𝐴𝐴0 = 𝜆𝜆𝐴𝐴0 ← 𝑓𝑓( {𝑟𝑟} )



Existed DPDEs
 At least 30 DPDEs 

existed.

 Which one we can 
use?



Existed DPDEs
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Assumption:
Random
distribution

Population 
distributions of 
most species in 
nature are 
aggregated.

Performance of 
existed DPDEs are 
low.



Main Objectives
 Propose two estimators to generalize most existing 

distance-based population density estimators.

 Propose a new estimator based on non-randomly 
distributed populations

 Test the new estimators by simulation and real forest data.



Three new general population 
density estimators



The 1st general DPDEs
1. The general simple DPDE

�̂�𝜆1 = 𝑞𝑞(nqk−1)
π ∑𝑖𝑖=1

𝑛𝑛 ∑𝑗𝑗=1
𝑞𝑞 𝑟𝑟𝑘𝑘𝑖𝑖𝑗𝑗

2

i: ith focal point/event;
n: total # focal point/e;
j: jth equal angle sector;
q: total # sectors centered

at one focal point/event;
k: kth nearest neighbor;
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𝜆𝜆2
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The 1st general DPDEs
 Point-to-event distances used in �̂�𝜆1 tend to be increased by aggregation and 

decreased by regularity in the underlying pattern; while the reverse is true 
for event-to-event distances. 
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The 2nd general DPDEs
2. The general composite DPDE

�λ𝑐𝑐 = �̂�𝜆𝑒𝑒�̂�𝜆𝑝𝑝

Substitute by �̂�𝜆1 and corrected it to a unbiased form

�λ𝑐𝑐 =
𝑛𝑛Γ2(1

2𝑛𝑛𝑛𝑛𝑛𝑛)

𝜋𝜋Γ2(1
2𝑛𝑛𝑛𝑛𝑛𝑛 −

1
2) ∑𝑖𝑖=1

𝑞𝑞𝑞𝑞/2 r𝑘𝑘𝑖𝑖𝑒𝑒2 ∑𝑗𝑗=1
𝑞𝑞𝑞𝑞/2 r𝑘𝑘𝑗𝑗𝑝𝑝2

rkie and rkjp are distance from event to event and point to event respectively.



The 2nd general DPDEs

Var �λ𝑐𝑐1 = λ2
Γ4 1

2𝑛𝑛𝑛𝑛𝑛𝑛

1
2𝑛𝑛𝑛𝑛𝑛𝑛 − 1

2
Γ4 1

2𝑛𝑛𝑛𝑛𝑛𝑛 −
1
2

− 1

 However, the first general simple DPDE and the second 
general composite DPDE are both derived from random 
population.



The 3rd general DPDE
 If we assume number of individuals in each sector with 

radii rkij follows negative binomial distribution, then we 
can estimated population density λ by maximizing the 
following likelihood function:

𝜆𝜆𝑞𝑞_𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 =
𝑛𝑛(2𝑛𝑛 − 1)∑𝑚𝑚=1

𝑞𝑞𝑞𝑞 𝑟𝑟𝑚𝑚_𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒
−1

𝜋𝜋∑𝑚𝑚=1
𝑞𝑞𝑞𝑞 𝑟𝑟𝑚𝑚_𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒

−
𝑛𝑛𝑛𝑛2𝑛𝑛

𝜋𝜋∑𝑚𝑚=1
𝑞𝑞𝑞𝑞 𝑟𝑟𝑚𝑚_𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒

2



Performance criterion
Relative root-mean-squared-error (RRMSE)

RRMSE =
∑ic λ − �λi

2

𝑐𝑐λ2

where c is the total number of estimates.



Performance comparison



Performance Comparison by simulation
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The nonrandom 
estimator based on 
point to event 
distances has the 
highest performance.

k=0.01 k=0.29 k=100

0

25

50

75

100

0 25 50 75 1000 25 50 75 1000 25 50 75 100
x

y



Performance Comparison by real data

The nonrandom 
estimator based on 
point to event 
distances has the 
highest and most 
consistent performance.



Estimation of population density
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−1

𝜋𝜋 ∑𝑚𝑚=1
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−
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2

The general nonrandom distance-
based population density estimator

Point-to-event distance 
samples



Thanks!
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